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• On the merit of Bessel Weighted asymmetries

• Elements of factorization theorem in SIDIS

• Role of Soft Factor

• Fourier Transformed SIDIS cross section

• Propose general Bessel Weighting procedure

•  Cancellation of the Soft Factor from WA 

• Cancellation of soft factor from av. trans. shift see 
talk of B. Musch (PRE-DIS wkshp http://conferences.jlab.org/QCDEvolution/index.html)
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Summarize factorization in SIDIS to discuss weighted 
asymmetries

Source of T-Odd Contributions to TSSA and AA in SIDIS

• “T-odd” distribution-fragmentation functions enter transverse
momentum dependent correlators at leading twist Boer, Mulders: PRD 1998
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Structure functions are convolutions 
in momentum-space
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Factorization & Sensitivity to                     TMDsPT ∼ k⊥
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B. Transverse momentum dependent distributions at tree level

Based on QCD factorization arguments for the reaction at large momentum transfer Q ! ΛQCD at tree level
(zeroth order in αS) [4, 6], the hadronic tensor appearing in the cross section can be further decomposed into a hard
reaction and soft parts. The latter include the transverse momentum dependent parton distribution functions (TMDs),
here generically denoted f , and transverse momentum dependent fragmentation functions, generically denoted D. At
leading order in αs, the structure functions FF

XY can then be written as convolutions of distribution and fragmentation
functions [6]:
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where ea is the electric charge of quark flavor a, where w is an appropriate weighting function, and whereKT ≡ −kT z.
For example,

F sin(φh−φS)
UT,T = C

[
−(ĥ·pT /M)f⊥

1T D1

]
× (1 +O(αs)) , (7)

with ĥ ≡ P h⊥/|P h⊥|. Here the TMD f⊥
1T is the Sivers function and the D1 is the unpolarized fragmentation function.

C. The soft factor

The formalism becomes more complicated once diagrams beyond leading order in αs are taken into account. Various
strategies have been proposed to address extra divergences that appear at one loop level and higher order [16–18].
Improvement of these frameworks for transverse momentum dependent factorization and establishment of the complete
proofs of the corresponding factorization theorems, is still an active field of research, see, e.g. [19]. The proposed
strategies require the introduction of new variables that act as regularization scales, and, most importantly for this
work, modify the convolution integral Eq. (6) by introducing a so called soft factor S coming from soft-gluon radiation.
In the following, we are going to show that this soft factor cancels in certain weighted asymmetries. We will show that
this cancellation happens quite generally, independent of the particular formalism used1. However, for definiteness,
we choose here the “JMY” framework of Refs. [18, 22], which is essentially based on the ideas of Collins and Soper
for the factorization of e+e− scattering [16]. The convolution Eq. (6) becomes in this framework
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Here µ is a UV renormalization scale, and ζ, ζ̂ and ρ are rapidity cutoff parameters that are described in more detail
in Ref. [22] and section III below.

Our example Eq. (7) now reads 2

F sin(φh−φS)
UT,T = C

[
Hsin(φh−φS)

UT,T ; −(ĥ·pT /M) f⊥
1T S+D1

]
. (9)

where S+ is the soft factor for SIDIS, see Ref. [22] and section III below. At leading order in αs one has [22]

S+(%2T , µ
2, ρ) = 1, Hsin(φh−φS)

UT,T (Q2, µ2, ρ) = 1, and we recover Eq. 6. The above description applies in the kinematic

region |P h⊥|/z % Q2. In general, at large |P h⊥|/z ∼ Q a term (generically called Y ) should be added that takes care

1 In the b-space formulation beyond leading order, the cancellation of the soft factor is accompanied by a similar cancellation of the
Sudakov factor [20, 21], which is introduced to resum large logarithms and which may include parts of the soft factor depending on the
choice of factorization scale.

2 F
sin(φh−φS)
UT,T corresponds to F

(1)
UT in Eq. (15) of Ref. [22] up to a factor xB . Note that the Sivers function f⊥

1T is denoted qT in that
reference, and the unpolarized fragmentation function D1 is called q̂. Our pT corresponds to their kT and our KT corresponds to their
pT .

3

B. Transverse momentum dependent distributions at tree level

Based on QCD factorization arguments for the reaction at large momentum transfer Q ! ΛQCD at tree level
(zeroth order in αS) [4, 6], the hadronic tensor appearing in the cross section can be further decomposed into a hard
reaction and soft parts. The latter include the transverse momentum dependent parton distribution functions (TMDs),
here generically denoted f , and transverse momentum dependent fragmentation functions, generically denoted D. At
leading order in αs, the structure functions FF

XY can then be written as convolutions of distribution and fragmentation
functions [6]:

C
[
wfD

]
≡ xB

∑

a

e2a

∫
d2pT d2kT δ(2)

(
pT − kT − P h⊥/z

)
w(pT ,kT ) f

a(x, p2T )D
a(z, z2k2T )

= xB

∑

a

e2a

∫
d2pT d2KT δ(2)

(
zpT +KT − P h⊥

)
w

(
pT ,−

KT

z

)
fa(x, p2T )D

a(z,K2
T ) . (6)

where ea is the electric charge of quark flavor a, where w is an appropriate weighting function, and whereKT ≡ −kT z.
For example,

F sin(φh−φS)
UT,T = C

[
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UT,T ; −(ĥ·pT /M) f⊥
1T S+D1

]
. (9)

where S+ is the soft factor for SIDIS, see Ref. [22] and section III below. At leading order in αs one has [22]

S+(%2T , µ
2, ρ) = 1, Hsin(φh−φS)

UT,T (Q2, µ2, ρ) = 1, and we recover Eq. 6. The above description applies in the kinematic

region |P h⊥|/z % Q2. In general, at large |P h⊥|/z ∼ Q a term (generically called Y ) should be added that takes care

1 In the b-space formulation beyond leading order, the cancellation of the soft factor is accompanied by a similar cancellation of the
Sudakov factor [20, 21], which is introduced to resum large logarithms and which may include parts of the soft factor depending on the
choice of factorization scale.

2 F
sin(φh−φS)
UT,T corresponds to F

(1)
UT in Eq. (15) of Ref. [22] up to a factor xB . Note that the Sivers function f⊥

1T is denoted qT in that
reference, and the unpolarized fragmentation function D1 is called q̂. Our pT corresponds to their kT and our KT corresponds to their
pT .

3

B. Transverse momentum dependent distributions at tree level

Based on QCD factorization arguments for the reaction at large momentum transfer Q ! ΛQCD at tree level
(zeroth order in αS) [4, 6], the hadronic tensor appearing in the cross section can be further decomposed into a hard
reaction and soft parts. The latter include the transverse momentum dependent parton distribution functions (TMDs),
here generically denoted f , and transverse momentum dependent fragmentation functions, generically denoted D. At
leading order in αs, the structure functions FF

XY can then be written as convolutions of distribution and fragmentation
functions [6]:

C
[
wfD

]
≡ xB

∑

a

e2a

∫
d2pT d2kT δ(2)

(
pT − kT − P h⊥/z

)
w(pT ,kT ) f

a(x, p2T )D
a(z, z2k2T )

= xB

∑

a

e2a

∫
d2pT d2KT δ(2)

(
zpT +KT − P h⊥

)
w

(
pT ,−

KT

z

)
fa(x, p2T )D

a(z,K2
T ) . (6)

where ea is the electric charge of quark flavor a, where w is an appropriate weighting function, and whereKT ≡ −kT z.
For example,

F sin(φh−φS)
UT,T = C

[
−(ĥ·pT /M)f⊥

1T D1

]
× (1 +O(αs)) , (7)
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A. The SIDIS cross section and asymmetries

The lepton-hadron cross section can be expressed in a model-independent way by a set of structure functions
[3, 6, 14, 15], which in the notation of Ref. [6] is:
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where in DIS kinematics dψ ≈ dφS and variables are defined as
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2 + 1
4 γ

2y2
. (2)

For our purposes, we may assume x ≈ xB , z ≈ zh and γ ≈ 0. Individual structure functions can be projected from
the cross section using, e.g., spin asymmetries, which we introduce generically as

AF
XY ≡ 2

∫
dφh dφS F(φh,φS)

(
dσ↑ − dσ↓)

∫
dφhdφS (dσ↑ + dσ↓)

, (3)

Here the labels X,Y represent the polarization, “un” (U), longitudinally (L) and transversely (T ) of the beam and
target, respectively. The angles φS and φh specify the directions of the hadron spin polarization and the transverse
hadron momentum, respectively, relative to the lepton scattering plane. The cross sections dσ↑ and dσ↓ correspond
to opposite spin polarization of the incident lepton / target hadron. 〈TODO: be a bit more specific?〉 The weighting
function F is a sine (or cosine) of a linear combination of the polarization angles, e.g., F(φh,φS) = sin(φh−φS). The
combination dσ↑ − dσ↓ in the numerator projects out the structure functions FF

XY in Eq. 1, while the combination
dσ↑ + dσ↓ in the denominator corresponds to the unpolarized structure function FUU,T :

dσ↑ + dσ↓ =
α2

sx2
By

2

(
1 + (1− y)2

)
FUU,T . (4)

Weighted asymmetries are introduced in a similar way:

AW
XY = 2

∫
d|P h⊥| |P h⊥| dφh dφS W(|P h⊥|,φh,φS)

(
dσ↑ − dσ↓)

∫
d|P h⊥| |P h⊥| dφh dφS (dσ↑ + dσ↓)

, (5)

where the weighting function W now can also contain different powers of |P h⊥|, e.g., W(|P h⊥|,φh,φS) =
|P h⊥|
zM sin(φh − φS), see Ref. [5].

SIDIS  cross section model indpen.  thru structure functions

Kotzinian NPB 95,  Mulders Tangermann NPB 96, Bacchetta et al JHEP 08

Projected from cross section  

X Y-polarization  e.g. 

d 6σ

dx dy dψ dzh dφh dP 2
h⊥
∝ α2

xyQ2

y2

2

{
FUU,T

+ |S⊥| sin(φh − φS) F sin(φh−φS)
UT,T

+ . . . 16 more structures . . .

F(φh,φs) = sin(φh − φs)



Collins Soper NPB 1981, Collins Metz PRL 2004, Ji, Ma, Yuan PRD 2005,  also Bacchetta Boer Diehl Mulders JHEP 2008

CS NPB 81, Collins Hautman PLB 00, Ji Ma Yuan PRD 05, 
Cherednikov Karanikas Stefanis  NPB 10, Collins Oxford Press 2011, 

Abyat & Rogers arXiv: 2011
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•Extra divergences at one loop and higher
•Various strategies to address them 
•Extra variables needed to regulate divergences 
•Modifies convolution integral by introduction soft factor
•Will show cancels in certain weighted asymmetries

Beyond “tree level” factorization

Hard

TMD Soft FF

C
[
H;wfSD

]
≡ xBH(Q2, µ2, ρ)

∑

a

e2
a

∫
d2pT d2KT d2"T δ(2)

(
zpT + KT + "T − Ph⊥

)
w

(
pT ,−KT

z

)

×fa(x, p2
T , µ2, xζ, ρ) S("2T , µ2, ρ) Da(z,K2

T , µ2, ζ̂/z, ρ)



Structure Function

3

B. Transverse momentum dependent distributions at tree level

Based on QCD factorization arguments for the reaction at large momentum transfer Q ! ΛQCD at tree level
(zeroth order in αS) [4, 6], the hadronic tensor appearing in the cross section can be further decomposed into a hard
reaction and soft parts. The latter include the transverse momentum dependent parton distribution functions (TMDs),
here generically denoted f , and transverse momentum dependent fragmentation functions, generically denoted D. At
leading order in αs, the structure functions FF

XY can then be written as convolutions of distribution and fragmentation
functions [6]:

C
[
wfD

]
≡ xB

∑

a

e2a

∫
d2pT d2kT δ(2)

(
pT − kT − P h⊥/z

)
w(pT ,kT ) f

a(x, p2T )D
a(z, z2k2T )

= xB

∑

a

e2a

∫
d2pT d2KT δ(2)

(
zpT +KT − P h⊥

)
w

(
pT ,−

KT

z

)
fa(x, p2T )D

a(z,K2
T ) . (6)

where ea is the electric charge of quark flavor a, where w is an appropriate weighting function, and whereKT ≡ −kT z.
For example,

F sin(φh−φS)
UT,T = C

[
−(ĥ·pT /M)f⊥

1T D1

]
× (1 +O(αs)) , (7)

with ĥ ≡ P h⊥/|P h⊥|. Here the TMD f⊥
1T is the Sivers function and the D1 is the unpolarized fragmentation function.

C. The soft factor

The formalism becomes more complicated once diagrams beyond leading order in αs are taken into account. Various
strategies have been proposed to address extra divergences that appear at one loop level and higher order [16–18].
Improvement of these frameworks for transverse momentum dependent factorization and establishment of the complete
proofs of the corresponding factorization theorems, is still an active field of research, see, e.g. [19]. The proposed
strategies require the introduction of new variables that act as regularization scales, and, most importantly for this
work, modify the convolution integral Eq. (6) by introducing a so called soft factor S coming from soft-gluon radiation.
In the following, we are going to show that this soft factor cancels in certain weighted asymmetries. We will show that
this cancellation happens quite generally, independent of the particular formalism used1. However, for definiteness,
we choose here the “JMY” framework of Refs. [18, 22], which is essentially based on the ideas of Collins and Soper
for the factorization of e+e− scattering [16]. The convolution Eq. (6) becomes in this framework

C
[
H;wf SD

]
≡ xB H(Q2, µ2, ρ)

∑

a

e2a

∫
d2pT d2KT d2!T δ(2)

(
zpT +KT + !T − P h⊥

)
w

(
pT ,−

KT

z

)

×fa(x,p2
T , µ

2, xζ, ρ)S(!2T , µ
2, ρ)Da(z,K2

T , µ
2, ζ̂/z, ρ), (8)

Here µ is a UV renormalization scale, and ζ, ζ̂ and ρ are rapidity cutoff parameters that are described in more detail
in Ref. [22] and section III below.

Our example Eq. (7) now reads 2

F sin(φh−φS)
UT,T = C

[
Hsin(φh−φS)

UT,T ; −(ĥ·pT /M) f⊥
1T S+D1

]
. (9)

where S+ is the soft factor for SIDIS, see Ref. [22] and section III below. At leading order in αs one has [22]

S+(%2T , µ
2, ρ) = 1, Hsin(φh−φS)

UT,T (Q2, µ2, ρ) = 1, and we recover Eq. 6. The above description applies in the kinematic

region |P h⊥|/z % Q2. In general, at large |P h⊥|/z ∼ Q a term (generically called Y ) should be added that takes care

1 In the b-space formulation beyond leading order, the cancellation of the soft factor is accompanied by a similar cancellation of the
Sudakov factor [20, 21], which is introduced to resum large logarithms and which may include parts of the soft factor depending on the
choice of factorization scale.

2 F
sin(φh−φS)
UT,T corresponds to F

(1)
UT in Eq. (15) of Ref. [22] up to a factor xB . Note that the Sivers function f⊥

1T is denoted qT in that
reference, and the unpolarized fragmentation function D1 is called q̂. Our pT corresponds to their kT and our KT corresponds to their
pT .
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where S+ is the soft factor for SIDIS, see Ref. [22] and section III below. At leading order in αs one has [22]
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1 In the b-space formulation beyond leading order, the cancellation of the soft factor is accompanied by a similar cancellation of the
Sudakov factor [20, 21], which is introduced to resum large logarithms and which may include parts of the soft factor depending on the
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2 F
sin(φh−φS)
UT,T corresponds to F

(1)
UT in Eq. (15) of Ref. [22] up to a factor xB . Note that the Sivers function f⊥

1T is denoted qT in that
reference, and the unpolarized fragmentation function D1 is called q̂. Our pT corresponds to their kT and our KT corresponds to their
pT .

Momentum conv. becomes

F sin(φh−φS)
UT,T = xB Hsin(φh−φS)

UT,T

∑

a

e2
a

×
∫

d2pT d2KT d2lT δ(2)
(
zpT + KT + lT − Ph⊥

)

×pT cos(φh − φs)
M

f⊥ a
1T (x, p2

T ) S(l2T ) Da(z,K2
T )

or, 



Comments on Soft factor

αs

• Collective effect of soft gluons not associated with 
distribution or fragmentation function-factorizes

• Considered to be universal in hard processes              
(Collins & Metz PRL 04, Ji, Ma, Yuan, PRD 05)

• At tree level (zeroth order       ) unity

• Absent tree level pheno analyses of experimental data 
(e.g. Anselmino et al PRD 05 & 07, Efremov et al PRD 07) 

• Potentially, results of  analyses can be difficult to 
compare at different energies issue for EIC

• Correct description of energy scale dependence of cross 
section and asymmetries in TMD picture soft factor 
must be included (see Collins Oxford Press 2011, &  Abyat & Rogers arXive: 1101.5057)   

• However, possible to consider observables  where it 
cancels e.g. weighted asymmetries 
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A. The SIDIS cross section and asymmetries

The lepton-hadron cross section can be expressed in a model-independent way by a set of structure functions
[3, 6, 14, 15], which in the notation of Ref. [6] is:

dσ

dxB dy dψ dzh dφh dP 2
h⊥

=
α2

xByQ2

y2

2 (1− ε)

(
1 +

γ2

2xB

){
FUU,T + εFUU,L +

√
2 ε(1 + ε) cosφh F

cosφh

UU

+ ε cos(2φh)F
cos 2φh

UU + λe

√
2 ε(1− ε) sinφh F

sinφh

LU

+ S‖

[
√
2 ε(1 + ε) sinφh F

sinφh

UL + ε sin(2φh)F
sin 2φh

UL

]

+ S‖λe

[
√
1− ε2 FLL +

√
2 ε(1− ε) cosφh F

cosφh

LL

]

+ |S⊥|
[
sin(φh − φS)

(
F sin(φh−φS)
UT,T + εF sin(φh−φS)

UT,L

)

+ ε sin(φh + φS)F
sin(φh+φS)
UT + ε sin(3φh − φS)F

sin(3φh−φS)
UT

+
√

2 ε(1 + ε) sinφS F sinφS

UT +
√
2 ε(1 + ε) sin(2φh − φS)F

sin(2φh−φS)
UT

]

+ |S⊥|λe

[
√

1− ε2 cos(φh − φS)F
cos(φh−φS)
LT +

√
2 ε(1− ε) cosφS F cosφS

LT

+
√
2 ε(1− ε) cos(2φh − φS)F

cos(2φh−φS)
LT

]}
, (1)

where in DIS kinematics dψ ≈ dφS and variables are defined as

xB =
Q2

2P · q , y =
P · q
P · l , zh =

P ·Ph

P · q , γ =
2Mx

Q
, ε =

1− y − 1
4 γ

2y2

1− y + 1
2 y

2 + 1
4 γ

2y2
. (2)

For our purposes, we may assume x ≈ xB , z ≈ zh and γ ≈ 0. Individual structure functions can be projected from
the cross section using, e.g., spin asymmetries, which we introduce generically as

AF
XY ≡ 2

∫
dφh dφS F(φh,φS)

(
dσ↑ − dσ↓)

∫
dφhdφS (dσ↑ + dσ↓)

, (3)

Here the labels X,Y represent the polarization, “un” (U), longitudinally (L) and transversely (T ) of the beam and
target, respectively. The angles φS and φh specify the directions of the hadron spin polarization and the transverse
hadron momentum, respectively, relative to the lepton scattering plane. The cross sections dσ↑ and dσ↓ correspond
to opposite spin polarization of the incident lepton / target hadron. 〈TODO: be a bit more specific?〉 The weighting
function F is a sine (or cosine) of a linear combination of the polarization angles, e.g., F(φh,φS) = sin(φh−φS). The
combination dσ↑ − dσ↓ in the numerator projects out the structure functions FF

XY in Eq. 1, while the combination
dσ↑ + dσ↓ in the denominator corresponds to the unpolarized structure function FUU,T :

dσ↑ + dσ↓ =
α2

sx2
By

2

(
1 + (1− y)2

)
FUU,T . (4)

Weighted asymmetries are introduced in a similar way:

AW
XY = 2

∫
d|P h⊥| |P h⊥| dφh dφS W(|P h⊥|,φh,φS)

(
dσ↑ − dσ↓)

∫
d|P h⊥| |P h⊥| dφh dφS (dσ↑ + dσ↓)

, (5)

where the weighting function W now can also contain different powers of |P h⊥|, e.g., W(|P h⊥|,φh,φS) =
|P h⊥|
zM sin(φh − φS), see Ref. [5].

Weighted asymmetries  

Disentangle in model independent way cross section in 
terms of moments of TMDs

Kotzinian, Mulders PLB 97,  Boer, Mulders PRD 98 

WSivers =
|P h⊥|

M
sin(φh − φS)

A
|P h⊥|
zhM sin(φh−φs)

UT = −2
∑

a e2
a f⊥(1)

1T (x) Da(0)
1 (z)

∑
a e2

a fa(0)
1 (x) Da(0)

1 (z)

e.g.

Undefined w/o regularization
to subtract infinite contribution at 

large transverse momentum Bacchetta et al. JHEP 08



• Propose generalize Bessel Weights-”BW”

• BW procedure has advantages

• Introduces a free parameter                   that 
is  Fourier conjugate to  

• Provides a regularization of infinite 
contributions at lg. transverse momentum 
when       is non-zero for moments

• Addtnl.  bonus soft factor eliminated from 
weighted asymmetries

• Possible to compare observables at different 
scales.... could be useful for an EIC 

Comments

P h⊥

BT [GeV−1]

B2
T



Advantages of Bessel Weighting

1.“Deconvolution”-SIDIS struct fnct simple products  “   “
2.  Soft Factor Cancels 
3.  Circumvents the problem of ill-defined       moments  
4.  Bessel Weight asymmetris sensitive to low           region

pT

P h⊥

w1 = 2J1(|P h⊥|BT )/zMBT

A
2J1(|P h⊥|BT )

zMBT
sin(φh−φs)

UT = −2
∑

a e2
a f̃⊥(1)a

1T (x, z2B2
T ) D̃a

1(z,B2
T )

∑
a e2

a f̃a
1 (x, z2B2

T ) D̃a
1(z,B2

T )
,

Where                           are Fourier Transf. of  TMDs/FFs
and finite

f̃1, f̃⊥(1)
1T , and D̃1

P



 1. “Deconvolution”-SIDIS structure functions simple products



 1. “Deconvolution”-SIDIS structure functions simple products

f̃(x, b2
T ) ≡

∫
d2pT eibT ·pT f(x,p2

T )

= 2π

∫
d|pT ||pT | J0(|bT ||pT |) fa(x,p2

T ) ,

f̃ (n)(x, b2
T ) ≡ n!

(
− 2

M2
∂b2

T

)n

f̃(x, b2
T )

=
2π n!
(M2)n

∫
d|pT ||pT |

(
|pT |
|bT |

)n

Jn(|bT ||pT |) f(x,p2
T ) ,

f̃ (n)(x, 0) =
∫

d2pT

(
p2

T

2M2

)n

f(x,p2
T ) ≡ f (n)(x)

b)  n.b. connection to        moments

 a) F.T. SIDIS cross section w/ following defintions

pT



Structure functions are  “products”      vs. “convolutions”P C
dσ

dxB dy dφS dzh dφh d|P h⊥|2
∝ α2

xBQ2

∫
d|bT |
(2π)

|bT | S̃(b2
T )

{
. . .

+J0(|bT ||P h⊥|)P[f̃1 D̃1]

+ |S⊥| sin(φh − φS) J1(|bT ||P h⊥|) P[f̃⊥(1)
1T D̃1]

+ε cos(2φh) J2(|bT ||P h⊥|)P[h̃⊥(1)
1 H̃⊥(1)

1 ]

+ . . . 15 more structure functions

  Products in terms of   “     moments “bT

}Soft factor is
• spin blind
• flavor blind
• factors in P

Ibildi,Ji,Ma,Yuan PRD 05

P[f̃⊥(1)
1T D̃(0)] ≡ xB (zM |bT |)

×
∑

a

e2
a f̃⊥a(1)

1T (x, z2b2
T ) D̃a(z, b2

T )



where α = 1, 2 ; β = −, 1, 2 and for completeness we wrote also twist-3 and twist-4 terms. For fragmentation correlator
we have the following expression:

∆̃ =
1
2
γ−∆[γ−] − 1

2
γ−γ5∆[γ−γ5] − 1

4
iσα−γ5∆[iσα−γ5] +

1
2
γβ∆[γβ] − 1

2
γβγ5∆[γβγ5] − 1

4
iσαβγ5∆[iσαβγ5] +

1
2
1∆[1] ,

(27)
where α = 1, 2 ; β = +, 1, 2 and for completeness we wrote also twist-3 and twist-4 terms.

Notice that, apart from Fourier transformed TMDs and TMD FFs

f̃(x, b2
T ) ≡

∫
d2pT eibT ·pT f(x,p2

T ) = 2π

∫
d|pT ||pT | J0(|bT ||pT |) fa(x,p2

T ) , (28)

D̃(z, b2
T ) ≡

∫
d2KT eibT ·KT D(z, K2

T ) = 2π

∫
d|KT ||KT | J0(|bT ||pT |) Da(x, K2

T ) , (29)

also their b2
T -derivatives appear, which we denote in the following as

f̃ (n)(x, b2
T ) ≡ n!

(
− 2

M2
∂b2

T

)n

f̃(x, b2
T ) =

2π n!
(M2)n

∫
d|pT ||pT |

(
|pT |
|bT |

)n

Jn(|bT ||pT |) f(x,p2
T ) ,

D̃(n)(z, b2
T ) ≡ n!

(
− 2

z2M2
∂b2

T

)n

D̃(z, b2
T ) =

2π n!
(zM2

h)n

∫
d|KT ||KT |

(
|KT |
|bT |

)n

Jn(|bT ||KT |) D(z, K2
T ) . (30)

The functions f̃ , D̃, f̃ (n) and D̃(n) are real valued. Taking the limit |bT | → 0 on the right hand side of Eqs. (30), we
obtain formally

f̃ (n)(x, 0) =
∫

d2pT

(
p2

T

2M2

)n

f(x,p2
T ) ≡ f (n)(x) ,

D̃(n)(z, 0) =
∫

d2KT

(
K2

T

2z2M2
h

)n

D(x,K2
T ) ≡ D(n)(z) (31)

f (n)(x) and D(n)(z) are refer to as moments of TMDs and TMD FFs. We thus find that the derivatives in bT -space
are directly related to moments of TMDs and TMD FFs. We now rewrite the SIDIS cross section of Ref. [? ] as a
Fourier decomposition in polar coordinates [? ]

dσ

dxB dy dφS dzh dφh |P h⊥|d|P h⊥|
=

α2

xByQ2

y2

(1 − ε)

(
1 +

γ2

2xB

) ∫
d|bT |
(2π)

|bT |
{

+ J0(|bT ||P h⊥|)PUU,T + εJ0(|bT ||P h⊥|)PUU,L +
√

2 ε(1 + ε) cosφh J1(|bT ||P h⊥|)Pcos φh

UU

+ ε cos(2φh)J2(|bT ||P h⊥|)Pcos(2φh)
UU + λe

√
2 ε(1 − ε) sinφh J1(|bT ||P h⊥|)Psin φh

LU

+ S‖

[
√

2 ε(1 + ε) sinφh J1(|bT ||P h⊥|)Psin φh
UL + ε sin(2φh)J2(|bT ||P h⊥|)Psin 2φh

UL

]

+ S‖λe

[
√

1 − ε2 J0(|bT ||P h⊥|)PLL +
√

2 ε(1 − ε) cosφh J1(|bT ||P h⊥|)Pcos φh
LL

]

+ |S⊥|
[

sin(φh − φS)J1(|bT ||P h⊥|)
(
Psin(φh−φS)

UT,T + εPsin(φh−φS)
UT,L

)

+ ε sin(φh + φS)J1(|bT ||P h⊥|)Psin(φh+φS)
UT + ε sin(3φh − φS)J3(|bT ||P h⊥|)Psin(3φh−φS)

UT

+
√

2 ε(1 + ε) sinφS J1(|bT ||P h⊥|)Psin φS

UT +
√

2 ε(1 + ε) sin(2φh − φS)J2(|bT ||P h⊥|)Psin(2φh−φS)
UT

]

+ |S⊥|λe

[
√

1 − ε2 cos(φh − φS)J1(|bT ||P h⊥|)Pcos(φh−φS)
LT +

√
2 ε(1− ε) cosφS J0(|bT ||P h⊥|)Pcos φS

LT

+
√

2 ε(1− ε) cos(2φh − φS)J2(|bT ||P h⊥|)Pcos(2φh−φS)
LT

]}

Full Cross Section expansion in Bessel functions

truncates at J3



•  Various strategies developed to take into account extra  
divergences that appear at 1 loop and beyond
• Requires introduction of variables that act as regularization 
scales--TMD evolution (PRE-DIS wkshp http://conferences.jlab.org/QCDEvolution/index.html 
• Soft factor coming from gluon radiation can be absorbed in 
definition of TMDs or can appear in structure functions
Ji, Ma, Yuan PRD 05 , Collins 2011 Oxford Press, Abyet , Rogers

• With both definitions we show it cancels in weighted 
asymmetries   Boer, LG, Musch,Prokudin (in preparation)

Hard

TMD Soft FF

C
[
H;wfSD

]
≡ xBH(Q2, µ2, ρ)

∑

a

e2
a

∫
d2pT d2KT d2"T δ(2)

(
zpT + KT + "T − Ph⊥

)
w

(
pT ,−KT

z

)

×fa(x, p2
T , µ2, xζ, ρ) S("2T , µ2, ρ) Da(z,K2

T , µ2, ζ̂/z, ρ)

2. Bessel Weighting & cancellation of soft factor 



J BT
1 (|P hT |)

zM
=

2 J1(|P hT |BT )
zMBT

A
JBT

1 (|P hT |)
zM sin(φh−φs)

UT (BT ) =

−2
S̃(B2

T ) Hsin(φh−φS)
UT,T (Q2)

∑
a e2

a f̃⊥(1)a
1T (x, z2B2

T ) D̃a
1(z,B2

T )

S̃(B2
T ) HUU,T (Q2)

∑
a e2

a f̃a
1 (x, z2B2

T ) D̃a
1(z,B2

T )

A
JBT

1 (|P hT |)
zM sin(φh−φS)

UT (BT ) =

2
∫

d|P h⊥| |P h⊥| dφh dφS
JBT

1 (|P hT |)
zM sin(φh − φS)

(
dσ↑ − dσ↓

)
∫

d|P h⊥| |P h⊥| dφh dφS J BT
0 (|P hT |) (dσ↑ + dσ↓)

Bessel weighting-projecting out Sivers 
using orthogonality of Bessel Fncts.

2. Bessel Weighting & cancellation of soft factor 



A
JBT

1 (|P hT |)
zM sin(φh−φs)

UT (BT ) =

−2
S̃(B2

T , µ2, ρ2)Hsin(φh−φS)
UT,T (Q2, µ2, ρ)

∑
a e2

a f̃⊥(1)a
1T (x, z2B2

T ;µ2, ζ, ρ) D̃a
1(z,B2

T ;µ2, ζ̂, ρ)

S̃(B2
T , µ2, ρ2)HUU,T (Q2, µ2, ρ)

∑
a e2

a f̃a
1 (x, z2B2

T ;µ2, ζ, ρ) D̃a
1(z,B2

T ;µ2, ζ̂, ρ)

Sivers asymmetry with full dependences



lim
BT→0

w1 = 2J1(|P h⊥|BT )/zMBT −→ |P h⊥|/zM

A
|P h⊥|
zhM sin(φh−φs)

UT = −2
∑

a e2
a f⊥(1)

1T (x) Da(0)
1 (z)

∑
a e2

a fa(0)
1 (x) Da(0)

1 (z)

Traditional weighted asymmetry recovered but UV divergent

3. Circumvents the problem of ill-defined       moments pT

undefined w/o 
regularization Bacchetta et al. JHEP 08

A
JBT

1 (|P hT |)
zM sin(φh−φs)

UT (BT ) =

−2
S̃(B2

T , µ2, ρ2)Hsin(φh−φS)
UT,T (Q2, µ2, ρ)

∑
a e2

a f̃⊥(1)a
1T (x, z2B2

T ;µ2, ζ, ρ) D̃a
1(z,B2

T ;µ2, ζ̂, ρ)

S̃(B2
T , µ2, ρ2)HUU,T (Q2, µ2, ρ)

∑
a e2

a f̃a
1 (x, z2B2

T ;µ2, ζ, ρ) D̃a
1(z,B2

T ;µ2, ζ̂, ρ)



2 Π

BT
min
"PhT
max

P h⊥

  4. More sensitive to low           region

      can serve as a lever arm to enhance the low 
description and possibly dampen lg. momentum tail of 
cross section. We can use it to scan the cross section

BT P h⊥

P h⊥

2 J1(|P hT |BT )
zMBT

σ illustration



average transverse momentum shift (here: Sivers) 18

unpolarized quark density in a transversely polarized nucleon

ρTU (x,pT ,ST ) = f1(x,p2
T )− εijpiSj

M
f⊥1T (x,p2

T ) =
∫

dp− Φ[γ+]

〈py〉TU ≡
∫

dx
∫

d2pT py ρTU (x,pT ,ST = (1, 0))∫
dx

∫
d2pT ρTU (x,pT ,ST = (1, 0))

= M

∫
dx f⊥(1)

1T (x)
∫

dx f (0)
1 (x)

px

p
y

〈py〉TU := average quark momentum in
transverse y-direction
measured in a proton polarized
in transverse x-direction.

”dipole moment”, “shift”

attention divergences from high-pT -tails!

⇒ “generalized” average transverse momentum shift

〈py〉TU (BT ) ≡ M

∫
dx f̃⊥(1)

1T (x,B2
T )

∫
dx f̃ (0)

1 (x,B2
T )

= !!!!!!S̃(−B2
T , . . .) Ã12B(−B2

T , 0, 0, ζ̂, µ)

!!!!!!S̃(−B2
T , . . .) Ã2B(−B2

T , 0, 0, ζ̂, µ)

From talk of 
Berni Musch

Pre-DIS wkshp.

Generalized av. quark trans. momentum shift
Soft Factor cancels

〈py〉TU (BT ) ≡ M

∫
dxf̃⊥(1)

1T (x,B2
T )

∫
dxf̃ (0)

1 (x,B2
T )

=
S̃(B2

T , . . . )Ã12B(B2
T , 0, 0, ζ̃, µ)

S̃(B2
T , . . . )Ã2B(B2

T , 0, 0, ζ̃, µ)



• Propose generalize Bessel Weights

• New theoretical weighting procedure w/ 
advantages

• Introduces a free parameter                   that 
is  Fourier conjugate to  

• Provides a regularization of infinite 
contributions at lg. transverse momentum 
when       is non-zero

• Addtnl.  bonus soft factor eliminated from 
weighted asymmetries

• Possible to compare observables at different 
scales.... could be useful for an EIC 

Conclusions

P h⊥

BT [GeV−1]

B2
T



|P h⊥|n → Jn(|P h⊥|BT ) n!
(

2
BT

)n

≡ J BT
n (|P h⊥|)

AWXY (BT ) = 2
∫

d|P h⊥| |P h⊥| dφh dφS W(|P h⊥|,φh,φS ,BT )
(
dσ↑ − dσ↓

)
∫

d|P h⊥| |P h⊥| dφh dφSJ0(|P h⊥|BT ) (dσ↑ + dσ↓)
,

Old weights are asymptotic form of Bessel

General  Bessel Weighting

EXTRA SLIDE


